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DESIGN ~F ACHROMATIC BENDING SYSTEMS lN THE PRESENCE OF SPACE CHARGE”

A. J. Jason, E. M. Svaton’, B. Blind, E, A. Heighwa , MS-H808
Los Aiamos National Laboratory, Los Alamos, A 87545

Abstract

The usual conditions for achromaticity of a dispersive
sys~m are shown b be inadequate when space .char e
efTecu are included, Using a matrix formulation k.
unbing linear space-charge forces, we
criteria fiecessary for a 9ystem

~ we ge::ralizecl
ac omatic.

Additional]
{’

tiese conditions are neccssar for con.
Yaervation o transverse emittances, An examp ● of such a

system is given,

Introduction

Desi em of accelera~r &ansport systems Bre
require r to consider tie o tim ofap&ce-charge .influenr:ed

[7beamu (i.e., collections o chargeci articles CansPorted
under conditions ouch that he Cou omb forces between
tie particles are ap reciable compared ta the applied

1’confinement forces) or applications such ●n heavy-ion
fusion orneutron. s allntionmurces.

/[n the design o uys~ms with ne~li~ble space char ●

Ji;one hhs nvnilable n Ilbrary of devices such as pPI
lines, triplets, mchroma’ic bends, e~,, whose g~nerml

L
ropertiei areao well known that trcnsport lines car, often

cons~mctid by an educawd guess at the nmemblage of
devices necessa

,..

Wmnsport codes. ?rid:;d t{;~;~~~;q;~~’~~;;;~d ~
tQ tecond and third order. Tbe situation for space-chnr e.
Influenced sy~bms is in t more primitive sbte, cnd L
khavior or even appropnawneas of mm-current devices
k these situations ID not well categorized in general,
Although codes exist for the tieatment of flni~ current
a stares, some with optiminrx for the ctae of Iinetr t7elds,
J egenerel guidsnce aiTorded by known devices immiusing
●nd, hence, the ptweca of optimimtion is awkward, We
Ire pursuin~ the analytical undec-atandlng of con flgu -
rstiono utaf~l iu space-charge-dominated s stems, Here

{we darive a strslghtforwtld b(lt nonet ●lem useful
tlgorithm for tchromatization of Iinaardtviccs Tha usual
conditions, vnninhing oftha mstrir elemen~ R,e and R2a,
are shown ~ be inuufllcient.

lJnour Systama

We mtke a distinction between two cases: (1) the
approxirnttior. of linear aalf.llelds is sufflcl~ntly tdequa~
M dtacribe the eyetam, ~nd (2) horh)inetrities are
Important. Analogia~ between C-M (1) tnd x.ero-current
Ilmt-ordar ~tns~rt mm not qualitabv~ly -upportable
becaue4, for a ,ven CUctributiun of charge In ● beam
(excc t tie opt ally unl[onn distribution), nonllnenritlas
will L/ pre~nt ‘Ant ar~ not known m be amonabla bY
linecrizstlon by electromagnetic compncn~. Nontfha.
IOIU,Cam (1) his a wida rangf of tpplicnblllty In prsctlc~,
●nd ueaful ota~menti msy be mad? stmut tic behavior of

W

An im rta,It Itep wam reads In tils r~t ct
Ymc ~,wr, whos owed thtt motion of tho nns tnve ope

n ontof heam tiiotibution; h,nco, cnrc ~vol’Jtion
chn *acri y n IInearmdrl, This notior, h~t b-n
further oxcmpllfltd and tilstwratad upon by !+ofmann, ~
who •l~ notad th~l focuned baa.rrm t~nd to OVOIVOMwtml
unlfnrrn opatlal dlstrlbuuon If the nonlinoarltioc ●m not
such ~s to provoke inst.nblllty. Thus, d~oplh ths com
ploxlty of Ciaa (2; hunt, llnaar modalo st-e ofkn

f
●pplicable and it Inancourm ng to wotk towtrd condJtlons
*at promote linearity. II) Is phper, w~ ~ott btmsthht
can be conoldcr~d as belonglng to Caxa !1). Wn ala.J con.
flno our remarks to systems thtt arc symmetric ibout tie
1.5(wantve~.lon ~tudlnml )npa Utlpl~nes.

“Work prformod under tho au Iplcos of the U S CMparlm@nt of

Enor~ •nd~up~rtdby tht L S Army !l(rmta~c tkfonMCommtnd

t%xksldync Dlvlolon, Rakwoll Inl. rnntlonal, Ccno[a I%rk,

Cfillfornla.

Matrix Element~

One of the difficulties involved in studying even the
linear space-charge case ia the lack ofs) nmetrles that are
present in tie evGlution of z-ero-curren~ beams. In par-
ticular, the Iongitudinnl motion changes in a quasi.
irreversible manner and affec~ the value of transverse
matrix ●lemen~. In nondisperaive systems, the coupling
between ]on~tudinal and transveme planes is implicit in
that mixed r,latrix eiemen~do notc+cur. However, in the
diapemive case, explicit coupling does occur, This be-
havior can te ~aced to the nature of the infinitesimal
Lranafonnations Lhat, when inmgrawd, constitute the net
Uansfonnation.

Consider an infini~simal length UI in a bend ma ~et
Omitting Lhe 3.4 (y ‘) plane, which remains indepen erlt,
tie tianafonnation ~rough dlis

(1)

where the Ieftmatrlx is the hantforrnation for ● magnet of
Ien

P
dl ●nd the n ht matmx II the space-charge kick

Wi ftransverw and ongltudinal defocusing g-radien~ A
and AZ,raspectlvely, Hera we deaig-na~ the pcmition an d
dope in iha Wansveme plane by indices 1 and 2,
respectively, tba davlatlon of longitudinal displacement
from tie baa.rn ccntar by 5, and fractional momentum
davlatlon by 6. Exce t for tie re~nce of a 65 element in
the right matrix, Jr e ua.ns onnation would have no
unusual properties but would oimply Inta a~ as #
comblnad-function magnet. The reaence of

f “ “ementprovides a fundamen~l change n tha nature of the net
cansformaLlon. Cawing out the lnte~ation (analytical
ovsluation 10 ~ible under special tmumptions, but
evaluation by a t.ransprt code yields the same reaulu),
the generic result 10

cl
L]

R I?12 R,a R,,II

R Ra R, Rm11

RR URMRM
c1 (1)

,RRMRM

Da@mlnan~of tie Ucncvtm nndlon~tudi nnlblwks
art no longer unity -I they would be in a nondispereive
sys~m, even with space charge, Wltiout the Iong-ltudinal
lens or without dlspemlve prope~les, the outlined
olemenw 1-5, 2.5, 6.1, and 6-2 would be xem In ~ non-
dlu~relva system, the addition of tpacc chnr~e Invokca a
flni M6-Saltmont butchangea thevslue of the O.6element
to moihtaln the determinant of the longitudinal block at
unity (with a conm uent Increaoe in the beam. energy
opread). !Additional y, tie inhrplane elements are zero
for a ❑ondlspemive synwm,

Them results am not a.fTectad by aasumpdons ss ta the
fonnoftha Epaca-chargo fores, M Uirthg only llnearit~ in
dl, For exam It, inclu-ion of L
would eha~ge ~e valu, of tho matrf~~~~!~;f;;~t;~~
not alt4r Lhe 9yst4m Ilnoarlt k flint order

L
Additlonnlly,

It in not required that flcldo prw.fu~d by th~ beam, the
fonnoftbt rnaMx In Eq. (2) would be more familiar were
radio-fro uency cavitlei normally
ra~ono. his cmphasixeo tho trans~$;~

plane fmm thame@ b the WansvQn.e

mm 018TFllBUTtOHOF THISDOCUMENT

In dispemlvc
of ttmo a-yin
f.lrnev~rying

ISUNLIMITED
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longitudinal beam fields, similar ta the caae of an
external lyirnpaed time-varying field.

~chromatlzation Conditions

A @st for tie nchromaticity of a .sys@m consis~ of
Lrmnsformation of every ray in the beam with inde ●nd
ence of Uansverze coordinates on momentum. i or a
transfomnation R, this is ~atisfied by the zerocurrent
con$ition

R16 = R26 =0, (3)

Consider: however, n ,tianspcrt line influenced by space
char e WILII three sections and respec~ve transformations
RO #:, and R?, Here, R1 containsdis ersive elemen~ and
is;fthe form in Eq (2) while ROand k are nondispemive.
The totsl transformation

has elements

(4 I

and

The elementi R~4 and R& donotdisappear when only I?~6

and R~ m wt equal b mm. The conriitio aforachmmtticity
in the pre~nco of space charge Is vtlld only when

RIO = R28 = O (7)

for die dispemive section in mddition ~ the conditions in
I?q, (3). Conditions in E a (3) and (7) are then automut.

1icnlly catisfled for the tots ~ansfotmation.
In Uro-current systama, valuea of the elemen~ in

con~ltion (3) are intimawly asawiatid wlk the values of
elemen~ 5.1 and 5-2 by relations depending on the syswm
symmetries, These Ittwr elemen~ distppear identically
as Eq, 13) is satisfied, corresponding to independence of

W’ltl? tie addition of tpace ehtr~t, tie ●chromatic
ciy. ath length with initial transverw Iocction or slope.

conclitlons\3) and (7) srt slmilarlyan adrlitionall Iinktd
b clemanb~ 6.1 tnd 6.2; ray-momentum L comarn
independent uftransvtma coordinates In either cacc, the
Intarpltne blcwks of the wanaformation m~trix disappear,
Icavlng explicitly uncoupled submttrices for the
Iongitudlntl cnd Utnsvome plcncs with mepirtte unity
dcmmninanu

Emlttince Qrowth

Wa dcflno tha trmnsvcme emltmnce c by the usual
relation

C2 = 011022.0122 , (0)

whoro ho mitrix o is the beun mttrix that, undtr a
vansform~tlon R, evolves n-

IJ’CIR*OORr, (9)

For non-space-charge sysberns, conservation of trans-
verwz emittance at a

$
‘ven momentum is a consequence of

Lhe unity value for e debrminant of the submatrices
deacribin individual planes in R, Lf we expand the de-

?finition o Eq. (8) to include a range of momenta, c (in
genernl) increases for paxaa~e throu h dispersive syswms
unless conditions (3) are sausfied. fimilarly, when ,pace
charge ia present, it can be shown by straightforward
(altiough Ledious) expansion of Eq (8) th~t conditions (3)
and (7) arc requiremen~ for a consmnt emittance.
Consider a beam o with emit~nce c transformed by R h a
beam o’ with emittance c’, Then

(I(J)

If we let A, B, and C be the separately transformed

elemen~oll, on and 012 , which would be obtained in the

uncoupled caae, e.g.,

A = R112011+ 2R, IR12UL2+ Rlq2az2,

then Lhe ~ansfomned emittance becomes

Thus, the condition for fonnll equalit with the
?nond.iapmive cam is idantical to Eqs, (3) and 7), Because

ti~ de~nninan~ of the trxnsformmtion fc- the individual
planes am then Un:!y, the Lransveme ●mittxnce remnins
connhnt. Similarly, conz.ervstion of the longitudinal

vanishing of tit lower le~hxnd block of couplin~
●pittance, defined analogous ~ Eq. (8), depends on the

●lwnenti In Eq, (2), s cmncmzihnt result of Eqs (3 I an
(7). Although cmftunce mrn ETOW in a ~ve[. pham-spmce

J’plu~, tho volume In foi]r- Imansionsl space, of course,
roma.ins Conaunt. This demonstration IS ~rhaps @u-
talogoum, becaune, by ths formallun of Ine-r.n tics,
wxdtmncc consematlon is m direct consequence of the
prevlouc section’s rosulw, It is [nkrestlng, ho::;r~a:
noti from Eq, (12) thct transverse emittance
occur for m aszentlally rnonmh

P
●tic bem ~rouqh th’

Ixun’c Iongltudintl ax~nt ( ot~) if the sysmm Is not
●chmmntind.

An E~amplo

In the absence of mom generml crltaria for the exlu~nca
tnd mttxinment of conditior~ In Eqs, (3) and (7), we
conflnt our dl~usslon @ a I. ,merlcal axxrnplu using Ihe
Lunsport code TIMCE 3-D’ This code features an op.
tlmimr Lhmt operaten In the preu.enc~ of IM linear apace
char~e al orlthm

7
Our axmpic, chown ir F@ 1,

conslo~ o a 50-hfe V benrn de floc~d throu h 75 by
five squal. bend ma Gb of l.m rLdiu~,

r
$ ransverzo

confinement is prov dad by two quadB of oppmik? siun
betwaan each bend, and the syttim hcs mirror symmetry
●bout tht mldplano, Our prwtdur~ was w flint find a
symmowic schromat ●tMm currtnt. Nazt, char e w~s

iInuoducod( rovldlng a tuna da ressiun o(tbout 40 ; ●nd
a matchtd L ●m obtained !VQ th.n constrained th,
y-bun ti [u matched vmluc ●nd locked ho quad- to
rnldpl-na mirror symrnotr-y Requos~ for conclitiona in
Eqs. (3) ●nd 7) with t.ho qllcds MI vsriablc produced th~
baam shown In Fi .1, Frsctlonsl cmittnnca gmwti was

t!lam than 10~ WI the much reduced ln~rplsnc matrix
.—.

“K R Crrnndtll ●nd RS MI III Trace 3 D bcum?nt~(~nn,- Ins
Alamoc Satlonsl (-aboramry r~pori,loh p~bll!hod



Fig. 1. Beamline confi
r ‘a’ion and ‘ran’vem ‘n’e’%:for an achromatized lsperslve transport system.

matched solution (at full current) is also shown.

elements obtained. For comparison, the same input beam,
u n passage throu h one of the bends, au ffcred a

J3~% ●mittance grow , Although the emittance growth
through short nonachromatic remone may be small, larger
increases will occur in gubse uent transport because of

%s nobd even for. drifi, inresidual dis raion. This will
rcontrast ~ t e zero-current case.

The ●xample seines w illustrate the general points
previously raised, Additionally, evolution of the orig-
inally symmetric solution upon charge addition was tn

main~n symmetry of the transverse forces by reducing
beam wze (hence, increasing s ace-charge defocusing) as

ftie beam increased in Iongitu lnal extent. A continuum
of alternative solutions is possible, corresponding ta the
de~ees of freedom available in quad strengths and beam
dimensions. The chosen solution is attractive because it
confines the beam well and reserves a nearly matched

?character. To assure that t e achromaticity conditions
can be met with reasonable beam characteristics, it is
neces~ary to rovide an adequate number of degrees of

!?freedom; su Iclently simple systems may not be even
npproximawly achromatizable. An example of this, for
which we have an analytic evaluation, is an impulsive
quad placed between two short bends, This well-known
system can meet condition (3) by adjustment of the quad,
but can only meet condition (7) through disappearance of
space-charge forces.
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